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Simplest location model'

x;=p +e, fori=1,...,n (1)

> u* € RP is the true parameter
> Z1,...,%, are n observations in R?; and X = [z1,..., 2]

> €1,...,&, model the noise variables (also in RP) and are i.i.d.
random variable having the same c.d.f. F'

Consequence: x1,...,zy are i.id. with c.d.f. G(-) = F(- — p*)

Rem: when F' has a density, we write it f

1R A Maronna, R. D. Martin, and V. J. Yohai. Robust statistics: Theory and methods. Chichester: John
Wiley & Sons, 2006.
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Contamination/mixture model

Imagine a proportion of 1 — « of the observations generated by a
“normal” model, and a proportion « generated from an unknown
c.d.f:

(1—-a)F +aG

» [’ : models the “normal” observation, e.g., F'is the c.d.f. of a
Gaussian distribution N (u*, 02 1d,)

» G : an arbitrary distribution (for instance a Gaussian with a
way larger variance)

» «: contamination ratio/parameter

Rem: similarly, when the distributions F' and G have densities f
and g, the mixture density is (1 — a)f + ag
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Maximum Likelihood Estimation (MLE)

Assuming model (1) such that f is the density (or p.d.f.) of F', the
likelihood function is:

n

£($1,---,$n;u):Hf($i—M)

i=1
The Maximum Likelihood Estimation (MLE) of 1 is defined by:

[L%LE € argmax L(T1,...,Tn; 1)

pERP

Rem: if F'is known exactly, the MLE is “optimal” in the sense of
asymptotic normality, see Section (10.8), Maronna et al. (2006).

Double objective: find estimators almost optimal when the model
is not contaminated, but also almost optimal when it is.
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More on MLE

Instead of maximizing a product of function, (convex) optimization
would reformulated this equivalently as minimizing the (negative)
log-likelihood:

AMLE ¢ arg min — Zp — 1), where p = —log(f)
perr M

Rem: possibly additive / multiplicative constants can be removed

Differentiable case: If p is differentiable, then first order conditions
(or Fermat's rule) ensure that:

Zw — fin), where 1) = p.
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Examples (p = 1)

Distribution f(x) p(x) | Y(z) fin,
Gaussian 1 e ( a? 2’ T
xp | —%Z- — x Tn
V2T P 2 2
|| X Med,, (X)

Laplace
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M-estimators for location parameter

We call M-estimator associated to a function p any estimator
obtained as follows:

1 n
fin(p) € argmin — Z:p(xZ — 1), where p is not necessarily — log(f)
perp T

Differentiable case: If p is differentiable, then first order conditions
(or Fermat's rule)

n

0= (w; — fin), where ¢ = o,

=1
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“Pinball loss” / quantile regression

—(1-a)zx ifz<0

= £, where /¢, =
P (z) {ozx ifx>0

= alz[lsey + (1 = a)|z[l<o

(=}
=)

Rem: we will discuss some more the case of non-differentiable but

convex functions, sub-differentials, etc.
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Distribution of M-estimators

Define i € R? as the theoretical counter part of the M-estimators:

for X ~ F, it is defined by

= j(F, p) € argmin Ep (p(X — p))
HERP

whereas i, := fin(p) € arg min — Zp — 1)
peERr TG

Rem:

> fn(p) = /j(Fn,p) where F, is the empirical distribution based
on the sample x1,...,T,.

> In the MLE case : aMME = ji(F,, —log(f)) where f is the
p.d.f.

> [ and fi,, are translation equivariant
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Example in 1D

> when p(z) = & then ji(F, p) = Ep(X)

» when p(z) = |z| then i(F, p) = Medp(X) where

M = Medp(X) satisfies F'(M) = 3

> when p(7) =l (z) = alz|lz>0 + (1 — a)|z[lz<py then
(F,p) = F~Y(a) = inf{x € R: F(z) > a} is® the
a-quantile of the distribution F'.

2R. Koenker and G. Bassett. “Regression quantiles”. In: Econometrica 46.1 (1978), pp. 33-50.
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Proof: assuming F' has a density f

Goal: find ji € argminEp (€ (X — p))
nER

Er(la(X — p) = Ep(a]X — pllixsy + (1 — )X — pllix<yy)

+o00 H
~a / (o= wf@ydz—(1=a) [ @)@

—0o0
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Goal: find ji € argminEp (€ (X — p))
nER

Er(la(X — p) = Ep(a]X — pllixsy + (1 — )X — pllix<yy)
~af - wf@ie - -0 [ @-wfe

Note that f;oo(x — ) f(x)dr = fljoo xf(x)dr — p(1l — F(p)), so
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Note that f:oo(z: — ) f(x)dr = f;roo xf(x)dr — p(1l — F(p)), so

dlu, Tr—400
— (1= F(p)

Similarly, & (f” x—p)f(x )d,x) = F(p) so the first order
conditions of the assoaated minimization problem yield

a (/:00(35 —M)f(:v)da:) = lim af(z) — unf(p) — (1= F() + nf(p)
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The Huber function

_{% if |z| <« " {% if |z] <«

lz| =5 if 2] >« sign(z) if |z| > «

2.0
Vo, @ =3.5

h— ‘/';v‘, a=3.5
1.0 1
0.5 A
0.0 4

—0.5 4

—1.0 1

-2.0
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The Bisquare function

Jr=D =22 iflz[<a B - (2P iz <a
‘1 if |z] >« “\o if |[x] >«
2.0
Par @ = 3.5 14 Yo, @ = 3.5
15 A
1.0 1 21
0.5 _\/ 0 -\/\
0.0 o
05 A
4
~10
-4 2 0 2 | 4 2 0 2 |
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Smoothness assumptions
For this section, we consider only the case where p is differentiable

where ¢ = p/, and ¢ is bounded. Assume also X ~ F', and
r1i,...,%y, are i.i.d. with the same distribution F'.
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Smoothness assumptions

For this section, we consider only the case where p is differentiable
where ¢ = p/, and ¢ is bounded. Assume also X ~ F', and
r1i,...,%y, are i.i.d. with the same distribution F'.

Under the previous smoothness assumption and provided 1 is
non-decreasing

)2
Vi, — 1) =a N(0,V?),where  V? = Ep ($(X — ) l

(Erg(X —f1))

is called the asymptotic variance of i,

Example : In the case p(x) = 22/2, one recovers the CLT as
V2 = Var(X)

Rem: since i is translation equivariant, in the translation model
= u* +¢; then V2 = is independent of p*
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Proof continued
By definition of & and fi,

EFp(X -—p)=0 and — ZT/J(% — ) =
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Proof continued
By definition of i and i,

Erb(X — ) =0 and > (wi — fin) =0
=1

Then the function A and A, defined for any s € R

A(s) = Ep(X —5)  and  An(s) = %le(@ )
=1

)

are non-increasing, A(ji) = An(fin) = 0 and nh_}rgoij\n(s) = A(s).

19 /54



Proof continued
By definition of i and i,

Erb(X — ) =0 and > (wi — fin) =0
=1

Then the function A and A, defined for any s € R

A(s) = Ep(X —5)  and  An(s) = %le(@ )
=1

)

are non-increasing, A(ji) = An(fin) = 0 and nh_}rgoij\n(s) = A(s).

Fact 1: fin 2

19 /54



Proof continued
By definition of i and i,

Erb(X — ) =0 and > (wi — fin) =0
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Then the function A and A, defined for any s € R

A(s) = Ep(X —5)  and  An(s) = %le(@ )
=1

)

are non-increasing, A(ji) = An(fin) = 0 and nh_}rgoij\n(s) = A(s).

Fact 1: fin 2

Proof: fix € > 0: since A, is non-increasing
P({fin < fi—€}) SP{An(fin) > An(fi—€)}) = P{O > An(ji—e€)})
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Proof continued
By definition of i and i,

Erb(X — ) =0 and > (wi — fin) =0
=1

Then the function A and A, defined for any s € R

A(s) = Ep(X —5)  and  An(s) = %le(xi )
=1

)

are non-increasing, A(ji) = An(fin) = 0 and nh_}rgoij\n(s) = A(s).

Fact 1: fin 2

Proof: fix e > 0: since 5\n is non-increasing

P({fin < fi—€}) <P{An(fin) > An(fi—€)}) = P{0 > Ay (fi—€)})
NowA remind thatuwith the law of large number:A

nh_)ngo At —€) = At —€) >0, so 7}1_)11301?({0 > A(ft—¢€)}) =0.

Hence, nlggO P({/in, < i — €}) = 0 and similarly one can show that

nli_}ngoIP’({ﬂn >ji+e})=0 O]
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Proof (end)

By a Taylor expansion (Lagrange form) there exists ji such :

n n n

LN (i — fin) =2 > (@i — 1) + (i — fin) - 200 (@i — i)

=1 =1 =1
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Proof (end)

By a Taylor expansion (Lagrange form) there exists ji such :

n n n

IN (@i — fin) =23 w(s — 1) + (i — i) - L0 (2 — o)
=1 =1 =1
oo (= fn)® D" (@ — 1)
=1
Hence:
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Proof (end)

By a Taylor expansion (Lagrange form) there exists ji such :

n n n

%Zw(m’z — fin) Z%Zw(xi — @)+ (it — fin) - %Zd/(fﬂi — i)
= =1 i=1
g (1 — n)? Y0 (@ — )
i=1
Hence: 1
V(o 2im Y(xi — i)
\/ﬁ(ﬂn - ﬁ) = - = ( ! n)
B2 s = )+ (i — )5y >0 (i = )
=1 i=1

Provided 1" is bounded, the numerator converges to
Epy'(X — ji). Hence, with Slutsky's lemma and the CLT,

Ep (W(X —i1)?)
“\\2

A _ ~ 2 2 =
Vilfin = ) =a N(O,V5), where - V2= "0
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Intuitive view on M-estimators

Assume for simplicity that ¢)(0) = 0 and that ¢’(0) exists, then
one can defined

¥(z) i
wa={ 5 i
P'(0) ifz=0
and then
Zw — fin) = O—ZW — fin) (i = fin)
i=1

_ ?:1 W (i — fin)z;
ZZ:l W(xy — fin)

Interpretation: this is a weighted average with weights (often)
decaying when z; — fi,, is large (i.e., for outlying observations)
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(Normalized) Weights examples

» Mean case: W(z) =1 all data points are weighted equally
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(Normalized) Weights examples

» Huber case:

B % if |[z|] <«
o el - & ifjz] > a

— o @=35

—0.25

— W,, a=35
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(Normalized) Weights examples

» Huber case:
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Pa

(Normalized) Weights examples

Bi-square case:
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(Normalized) Weights examples
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» Bi-square case:

. 2
1-[1-(2) iflz|<a a?
" {1 T il >a @ TG trea®)
2.0 1.50
Pa, @ =0.5 — W,,a=05
1.25 4
1.5 A
1.00 4
1.0
0.75 A
0.5 9 0.50 4
0.25 o
0.0 A
0.00
—0.5
—0.25 4
—-1.0 T T T —0.50 T T T
—4 -2 0 2 4 —4 -2 0 2 4



Another interpretation

R R 1 n 1 n
Mn:,un‘i‘*zw *Z C(w4, fin)

where C(z, 1) = 1+ (x — 1)

Example : for the Huber case ((z, ) = u + ao(x — ) where

B if |z|] <«
Val@): {sign(az) if |z] >«

3

o)
uw—a ifr<p—a
C('T’:U’) = H[,u—a,,u—i—a](x) =37 fp—a<z<p+a
p+a ifz>p+a

Rem: this is connected to “Windsorizing”
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Huber and “Windsorizing” p.79, Huber (1964)

Let /i, (X) the M-estimator for the Huber function:
z if |[z|] <«

Yoim1 Ya(i — (X)) = 0 where ¢, (z) {a

sign(z) if |z| > «
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Huber and “Windsorizing” p.79, Huber (1964)

Let /i, (X) the M-estimator for the Huber function:
z if |2] <«

2?11 7/104(331' - ﬂn(X)) = 0 where I/JQ(-T) : {Salgn(ﬁﬂ) if ‘l’| >

Then:
0= > oz — (X)) + at+ Y —«
iz —fin (X)|<a ;> (X)) +a i <fin(X)—a
0= > al@ @)+ D, atin(X) - an(X)
i —fn (X)|<a 2> (X)+a
+ Z _a_ﬂn(X)+ﬂn(X)

G <fin (X)—a
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Huber and “Windsorizing” p.79, Huber (1964)

Let fi,,(X) the M-estimator for the Huber function:
z if |2] <«

Yoim1 Ya(i — (X)) = 0 where ¢, (z) {a

sign(z) if |z| > «

Then:
0= > oz — (X)) + at+ Y —«
iz —fin (X)|<a ;> (X)) +a i <fin(X)—a
0= > al@ @)+ D, atin(X) - an(X)
i —fn (X)|<a 2> (X)+a
+ Z _a_ﬂn(X)+ﬂn(X)

G <fin (X)—a

Interpretation: [i,,(X) is the empirical mean of the modified
fn(X)—a if 2, < fin(X) —a

dataset X where Z; = ¢ x; if |2, — i (X)] < «
n(X)+a i 2 < fin(X) +
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Computational difficulties

» some methods are convex and smooth (p(z) = x?/2, Huber)
» some methods are convex but non-smooth (pinball,

pla) = |z, etc.)
» some methods are non-convex but smooth (bi-square)

Numerical “recipes” will be investigated later on.
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Simplest dispersion model

x; = 04g4, fori=1,...,n (2)

» 0, € Ry, is the (true) scale parameter
> T1,...,x, are n observations in R?; and X = [x1,..., 2]

> £1,...,E, and are i.i.d. random variable having the same
c.d.f. F and density f

Consequence: x1,...,T, are i.id. with density %f(;)
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MLE for scale estimation

Assuming model (2) such that f is the density (or p.d.f.) of F', the
likelihood function is:

L(x1,...,Tp;0) inﬁ ( )

The Maximum Likelihood Estimation (MLE) of o is defined by:

6MLE ¢ argmax L(x1, ..., Tn;0)
U€R++
Transforming using — log then
1
6’71)/ILE € arg min — log(o Z log ( ( ))

c€R4 4+ n

For smooth function f (i.e., when f’ exist) &M satisfies:

*Z (AMLE>—1, where V(x)__x:](.{;()‘r)

28 /54



Example

Distribution f(x) v(z) o

wﬁ\,
~—
8
o
S|=
NgE
K
<o

Gaussia 1 (
ussian — X —
v 2T P

n
Laplace % exp(—|z|) || %Z |4
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M-estimators of scale

We call M-estimator of scale associated to a function v any
estimator &,, obtained solving the following equation w.r.t. o:

1 & i
Z’f(%) 1
n g

=1

» when Vi € [n],z; = 0, it is natural to set 5(0,...,0) =0
> & is then scale equivariant
onlaxy, ... axy) = adp(Ty,...,Ty)

» when n is even and v = 21_y yc, then
Gn = Medy,(|z1], .. -, |zn]).
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Intuitive view on M-estimators

Assume for simplicity that /(0) = 0 and that ”(0) > 0, then one
can defined

v(z) .
wa={ 5
V'(0) ifx=

and then

Interpretation: this is a weighted average, with weights (often)
decaying when (f—; is large (i.e., for outlying observations)
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Classical weights

» square case p(z) = 22, W(z) =
» Bi-square case (o = 1)

10— @2 2l <a _ mi !
p(x)'{l if 2] > o W(x)_mm(?’ 3%+, x2>

2.0 _
—_— P a=10 Wa, a=10
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Location/dispersion model

x; = u + o4, fori=1,...,n (3)

> 1 € RP is the true parameter
> T1,...,%, are n observations in R?; and X = [z1,..., 2]

> €1,...,&, model the noise variables (also in RP) and are i.i.d.
random variable having the same density f

Consequence: x1,...,T, are i.id. with p.d.f. U%f (;—’f)
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Simultaneous MLE

Assuming model (1) such that f is the density (or p.d.f.) of F', the
simultaneous MLE estimators of location and scale are:

1 T —
(AN, 6317) € argmax [Unﬂf( ”U“)]
i=1

(1,0)ERPXR 44

or equivalently:

1 T —
(PMLE GMLEY ¢ argmin |~ Zp( : M) +logo
(N,U)ERPXRJ,__'. n a

where p = —log(f).

37 /54



Simultaneous M-estimators

Simultaneous M-estimators of location and estimation are i and &
satisfying for functions ¢ = p’ and v the following system of

equation:

n Z O'n
n Zf
['(z) and I/(x) = *7';(,())

Rem: in the MLE case ¢(z) = — o)
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Computational difficulties

Note that even if p is a convex function the function
o — p(z/o) + log(o) is often non-convex

Several ways can be used to alleviate that:

» Change of variable: v = 1

» Concomitant estimation, see Section 7.7, Huber (1981):

1 -
Substitute arg min [ Z p (:El H) + log O']
(}L,O’)ERP XR++ n i=1 o

1™ -
by arg min ZJ-p(ajZ M)
n = o

(/,L,O') €RP XR++

Rem: (u,0) = o-p (%) is jointly convex as it is the

perspective function of p(z — -), see for instance Section 3.2.6,

Boyd and Vandenberghe (2004)
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Asymptotic for M-estimation

Assume from now on that & = 0 and that X ~ F'. Then,

Vi —a N0, VA0, F)),  where  V2(, F) — i (0X)°)

(Ery'(X))
1 : . f
Vi, F) > ; 57, With equality when 1) oc —
E, [(f <X)> ] f
f(X)

Rem: equality holds when one choses ¢ (or p) associated to the
MLE, leading to the best asymptotic performance. Though, one
needs to know the distribution of F' to consider p = —log(f)
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Sketch of proof
First, note that by integration by part:

~Er (0(X) = - [ WO f0dt = [er @

42 /54



Sketch of proof
First, note that by integration by part:

B (000) = - [ WOt = [ (s @t

:/ vl f<f> (£)dt =Er (WX)J;/;;)))
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Sketch of proof
First, note that by integration by part:

B (000) = - [ WOt = [ (s @t
:/w (t) it = Ep (w<X>f/(X))

f(X)
Using Cauchy-Schwartz inequality:
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Sketch of proof
First, note that by integration by part:

~Ep (y / Vs = [uewroa
- / v L8 oy =er (w00 28)

f(X)
Using Cauchy-Schwartz inequality:

oo (o0 Z)] = (J o figroa)
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Sketch of proof
First, note that by integration by part:

~Ep (y / Vs = [uewroa
- / v L8 oy =er (w00 28)

Using Cauchy-Schwartz inequality: f(X)
[EF (w(X)f ())(()) )r = ( [e® ff’((f)) f(t)dt>2

< </¢2(t)f(t)dt> (/ (J;/((:))>2f(t)dt>




Sketch of proof
First, note that by integration by part:

~Ep (y / Vs = / w01 (1)

o s 159)

Using Cauchy-Schwartz inequality:

o (oo = (fsdron)
o (/(’}’é;i) roa)

— Er (2(0)) Ex [(1}’((;) ]




Sketch of proof
First, note that by integration by part:

~Ep (y / Vs = [uewroa
- / v L8 oy =er (w00 28)

f(X)
Using Cauchy-Schwartz inequality:

e (oo )] = (i s
< ([voswa) (/

/ 2
(i) s0)
/ 2
=Er (¢2(X)) Ep l(é(())g 1

/ 2 5
Hence, Ep [(J}(())(())) ] = %Elf(w(( ))2 O
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Minimax / Game theory point of view®

» Players: Practitioner vs. (adversarial) Nature

» Known parameters: G and € € [0, 1] are known (to both
nature and practitioner) and samples are drawn according to
F.:=F = (1 — €)G + €H with a corruption level ¢, i.e.,
fei=f=(1—¢€)g+ eh, where —log(g) is convex; i.e., g is
log-concave

> Objective: the player aims at minimizing the asymptotic
variance V2(, F)

» Practitioner’s action: picks v for "optimal” M-estimation

» Nature's action: picks the distribution H that harms the
asymptotic variance the most

3P. J. Huber. “Robust estimation of a location parameter”. In: Ann. Math. Statist. 35 (1964), pp. 73-101.
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Equilibrium

There exists Fy = (1 — €)G + €Hp and 1)y s.t.

VF st. Ep(tho) =0, VZ(tho, F) < V(¢ho, Fo) < V2 (¥, Fp)
Let [to, t1] be the largest interval such that |¢'/g| < « and let

(1—e' = /tl g(t)dt + g(to) +g(t1)

(1 —€)g(tg)e®t=t)  ift <t
fo(t) =< (1 —¢€)g(t) if tg <t <ty
(1 —e)g(ty)e 1) ift >

and Yo = —f{)/ fo is monotone and bounded by «.

Rem: V2(1g, Fy) < V2(3p, Fy) was proved earlier noticing that the
best choice is 1 = 1o := —f}/ fo

45 /54



Huber loss as an equilibrium

Corollary
1

Assume that g(z) = rexp(——) Then the equilibrium is
reached for Fy = (1 — €)G + eHy and 9y s.t.

(1—¢€)~ / g(t dt+ ) 9(a)

(1—e€)g(—a)e*t®) ift < —a
fot) =< (1 —e)g(t) if —a<t<a
(1—e)gla)e =) ift>a

Rem: (z) := —fi(x)/ fo(z) = min(max(—a, z),a) is, up to
re-scaling, the Huber 1, function introduced earlier
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Worst adversarial distribution : Gaussian case

fo(t) o exp(—pa(t)) ho := —[fo— (1 =€)g]

05 0.5
— foe=0002a=25 —— hee=0002a=25

049 04 4
03 1 03 -
0.2 1 02 -
0.1 4 o1 4
001 0.0 -
—01 9 —0.1
—02 T T T —02 . .

-1 -2 0 2 4 ~10 -5 0 5 10
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Worst adversarial distribution : Gaussian case

fo(t) o exp(—pa(t)) ho := —[fo— (1 =€)g]

05 0.5
— Joe=0038 a=15 —— h.e=0038 a=15

049 04 A
03 1 03 4
0.2 9 0.2 4
0.1 4 o1 4
00 1 0.0 -
—01 9 —0.1
—02 T T T —02 . .

-1 -2 0 2 4 ~10 -5 0 5 10
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Worst adversarial distribution : Gaussian case

1

fo(t) o< exp(—pa(t)) ho = g[fo — (1 -¢€)g]

0.5 ;
— Joe=0143, a=10 0 —— hee=0143,a=10

049 0.4 4
03 1 03 4
0.2 9 0.2 4
001 0.0 -
—01 9 —0.1
—02 T T T —02 . .

-1 -2 0 2 4 ~10 -5 0 5 10
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Worst adversarial distribution : Gaussian case

1

fo(t) o< exp(—pa(t)) ho = ;[fo — (1 -¢€)g]

0.5 ;
— Joe=0442,a=05 0 — hee=0442,0=05

049 0.4 4
039 03 4
0.2 9 0.2 4
001 0.0 -
—01 9 —0.1
—02 T T T —02 . .

-1 -2 0 2 4 ~10 -5 0 5 10
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Worst adversarial distribution : Gaussian case

fo(t) o exp(—pa(t)) ho:= Zlfo— (1= €)g]

0.5 0.5
— fo,e=0875,a=01 —— hg,e=0.875, a=0.1
0.4 0.4 4
0.3 0.3 4
0.2 0.2 4
0.1 - 0.1 4
_— e |

0.0 - I N
01 4 —0.1
0.2 T T T —0.2 T T

—4 -2 0 2 4 —-10 -5 0 5 10
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Proof of theorem

1 t g(to) +g(t1)
= t)dt + —————=
) g(t)dt + 5

(1 —€e)g(tg)e®t=t)  ift <t
fo(t) =< (1 —€)g(t) if tg <t <t
(1 —e)g(ty)e 1) ift >
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Proof of theorem

1 t g(to) +g(t1)
= t)dt + —————=
) g(t)dt + 5

(1 —€e)g(tg)e®t=t)  ift <t
folt) =< (1 —¢€)g(t) if tg <t <t
(1 —e)g(ty)e 1) ift >

Fact 1: fyis a p.d.f.
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Proof of theorem

1 t g(to) +g(t1)
= t)dt + —————=
) g(t)dt + 5

(1 —€e)g(tg)e®t=t)  ift <t
folt) =< (1 —¢€)g(t) if tg <t <t
(1 —e)g(ty)e 1) ift >

Fact 1: fyis a p.d.f.

Proof:
» f is non-negative since g is non-negative
» [ fo(t)dt = 1 since € is constructed for that
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Proof continued

Fact 2: ho := 1[fo — (1 — €)g] defined below is a p.d.f.

1ze[g(t0)€a(t7to) —g(t)] if t <t
if tg <t <ty

lg(tye et — (1)) ift >t

ho(t) ==

— O
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Proof continued

Fact 2: ho := 1[fo — (1 — €)g] defined below is a p.d.f.

1;e[g(t0)€a(t7to) —g(t)] if t <t
if to <t<ty

lg(tye et — (1)) ift >t

ho(t) ==

- O

Proof: [ hg = X [[fo — (1 —€)g] = 1 since [ fo=[g=1.
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Proof continued
Fact 2: ho := 1[fo — (1 — €)g] defined below is a p.d.f.
olg(to)er ) — g0 if t <t

if tg <t <ty
—tlg(t))e ) —g(t)] ift >t

ho(t) ==

- O

Proof: [ hg = X [[fo — (1 —€)g] = 1 since [ fo=[g=1.

Now — log(g) is convex so this function is lower bounded by its
tangent at tg, and for any ¢t < #g
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Proof continued
Fact 2: ho := 1[fo — (1 — €)g] defined below is a p.d.f.
olg(to)er ) — g0 if t <t

if tg <t <ty
—tlg(t))e ) —g(t)] ift >t

ho(t) ==

‘HO

Proof: [ hg = X [[fo — (1 —€)g] = 1 since [ fo=[g=1.

Now — log(g) is convex so this function is lower bounded by its
tangent at tg, and for any ¢t < #g

~108(g)(1) > — log(9)(10) + o[~ ogg(t0)](¢ ~ fo)
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Proof continued
Fact 2: ho := 1[fo — (1 — €)g] defined below is a p.d.f.
olg(to)er ) — g0 if t <t

if tg <t <ty
—tlg(t))e ) —g(t)] ift >t

ho(t) ==

- O

thoz%f[fo—(l—e)g]:lsinceff():fgzl.
Now — log(g) is convex so this function is lower bounded by its
tangent at tg, and for any ¢t < #g

~108(9)(t) = ~ log(g){10) + o[~ logg(t0)](t ~ to)
> —log(g)(to) — a(t — to)

where we have used %[— log g(to)] = —¢'(t0)/g(to) > —a. Hence
ho(t) > 0 when t < to; similarly ho(t) > 0 when ¢ > ¢;.
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Proof (continued Il)

Fact 4:
(1 —€)Eq [¢o(X)?] +ea?

[(1 = )E(X)]?

V2 (o, Fy) =
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Proof (continued Il)

Fact 4:

V2o, Fo) = (1 - 6)Ec¢ [to(X)?] + ea?

[(1- G)Ecwé(X)]Q

Proof:

_ Er [$o(X)°]
Vi B = G O
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Proof (continued Il)

Fact 4: [ ) 2
2 (1 -¢Eqg [%o(X)?] + e
V)= [(1 — e)Eqh(X)]?
Proof:
V2 (o, Fy) = Er, [to(X)? _ (1 -eEg [0(X)?] + €En, [0(X)?]

C ErUh(X)? [(1— eEeh(X) + By, th (X))
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Proof (continued Il)

Fact 4: [ ) 2
2 (1 -¢Eqg [%o(X)?] + e
V)= [(1 — e)Eqh(X)]?
Proof:
V2 (o, Fy) = Er, [to(X)? _ (1 -eEg [0(X)?] + €En, [0(X)?]

C ErUh(X)? [(1— eEeh(X) + By, th (X))
)

Then, reminding () := _;jég) — min (max (_m _gg’(<:)>) ,a>
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Proof (continued Il)

Fact 4: : . )
V2 (4. Fy) = (1 = ¢)Eg [¢o(X)?] + ea
o) = T R 0P
Proof
V2. iy = 8 [90C0?) _ (1= 986 [0 + iy [vn(X)")
7 (Ert5(X))? [(1 = Eavp(X) + eEay (X))
Then, reminding v¥o(z) := —j:égg = min (max (—a, —gg/((;))) ,oc)

> |¢o(t)| = a and ¢ (t) = 0 for t ¢ [to, t1]
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Proof (continued Il)

Fact 4: [ 2} )

(1 - 6)Eq [¢0(X)?] + ea

V2 (o, Fy) =
B0 = 0 R (0P
Proof:
V2 (o, o) = [Yo(X)?] _ (1= e)Eq [¢o(X)’] + By [1o(X)?]
7 (Ervp(X))° (1= OEay)(X) + By (X))

Then, reminding v¥o(z) := ;égx; = min (max (—a, —gg/((;))) ,oc)

> [Yo(t)] = a and (1)

=0 fort §é [t(),tl]
> h()(t) =0forte [to, ]
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Proof (continued Il)

Fact 4: [ ) 2
2 (1 -¢Eqg [%o(X)?] + e
Ve F0) = [(1 — €)Equ (X))
Proof:
V2 (o, ) = B0 [0X)?] (1= OBG [$o(X)?] + B, [vo(X)?]

C(Ervp(X))’ (1 - OEaup(X) + By (X))
;58 = min (max (—a, —g/(x)) ,oc)

Then, reminding ¢o(z) := A g(2)
0 for t ¢ [to, t1]

> [vo(t)| = o and (t) =
> h()(t) =0forte [to,t1]
Hence, Eg, [¢0(X)?] = a? and Eg,¢((X) = 0, and

(1 —€)Eq [¢0(X)?] + ea?

2
V) S T R P
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V2 (0. F) < V2(0, o) — L OEG [Y0(X)?] + ca®
(Y0, ) < V=(3bo, Fo) 0 JEcv (T
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V2 (0. F) < V2(0, o) — L OEG [Y0(X)?] + ca®
(Y0, ) < V=(3bo, Fo) 0 JEcv (T

Proof: fix H so

Er [tho(X 2]

2
V=(4o, F) = (EF%(X))Q
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V2 (0. F) < V2(0, o) — L OEG [Y0(X)?] + ca®
(Y0, ) < V=(3bo, Fo) 0 JEcv (T

Proof: fix H so

V2o, ) = EF W000] _ (1= 9EG [¥o(X)°] + Byt [vo(X)’]
T w0 [0 - OEGU(X) + By (X
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V2 (0. F) < V2(0, o) — L OEG [Y0(X)?] + ca®
(Y0, ) < V=(3bo, Fo) 0 JEcv (T

Proof: fix H so

V20, 1) = B 0O _ (1= OFG [vo(X)?] + By [Yo(X)’]
) (EFl/JO(X))Q (1 —e)Egyp(X )+€EH¢0( )]

) )

Then, reminding ¥o(z) := z = min (max —a, —
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V2 (0. F) < V2(0, o) — L OEG [Y0(X)?] + ca®
(Y0, ) < V=(3bo, Fo) 0 JEcv (T

Proof: fix H so

V20, 1) = B 0O _ (1= OFG [vo(X)?] + By [Yo(X)’]

(Epvh(X))? (1 — e)Eqvh(X )+eEHwo( )

) )

Then, reminding ¥o(z) := ;égg min (max —a, —
> [to(2)] < a and Ex [¢0(X)?] < o
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V2 (0. F) < V2(0, o) — L OEG [Y0(X)?] + ca®
(Y0, ) < V=(3bo, Fo) 0 JEcv (T

Proof: fix H so

Er [o(X)?]  (1—€Eq [v0(X)?] + eEx [10(X)?]

2 — =
V)= G OF T T e FEnr
55 )

)
Then, reminding ¥o(z) := ;ﬁgg = min (max ( a, —
» 1), > 0 since atQ[ log g(t)] > 0 by convexity of —logg

» |[Yo(2)] <  and Eg [1o(X)?] < o?
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Proof (continued Ill)

Fact 5: for any F with Ep(¢) =0
V200, F) < V2(p, Fy) — =BG [Uo(X)?] + ea’
(Y0, ) < V=(3bo, Fo) 0 JEcv (T

Proof: fix H so

Er [o(X)?]  (1—€Eq [v0(X)?] + eEx [10(X)?]

2 — =
V)= G OF T T e FEnr
55 )

)
Then, reminding ¥y (z) := — lgg = min (max ( a, —
> [tho(2)| < o and Ey [1o(X)?] < o
» 1), > 0 since atQ[ log g(t)] > 0 by convexity of —logg
Hence, Egv((X) > 0 for any H, and

1 —e)Eq [¢o(X)?] + ea?
[(1 = Ecyp(X))”

V3, F) < (
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Complements on Huber function

» More on variational formulations : Section 2.4, Hampel et al.

(1986) after we introduce influence functions

» Connections with convex analysis and smoothing for
non-smooth function, as in Nesterov (2005) Beck and
Teboulle (2012), will be made later

52 /54



References |

Beck, A. and M. Teboulle. “Smoothing and first order methods: A
unified framework". In: SIAM J. Optim. 22.2 (2012),
pp. 557-580.

Boyd, S. and L. Vandenberghe. Convex optimization. Cambridge
University Press, 2004, pp. xiv+716.

Hampel, F. R. et al. Robust statistics: The Approach Based on
Influence Functions. \\iley series in probability and statistics.
Wiley, 1986.

Huber, P. J. “Robust estimation of a location parameter”. In: Ann.

Math. Statist. 35 (1964), pp. 73-101.

— .Robust Statistics. John Wiley & Sons Inc., 1981,

Koenker, R. and G. Bassett. “Regression quantiles”. In:
Econometrica 46.1 (1978), pp. 33-50.

Maronna, R. A., R. D. Martin, and V. J. Yohai. Robust statistics:
Theory and methods. Chichester: John Wiley & Sons, 2006.

53 /54



References ||

» Nesterov, Y. “Smooth minimization of non-smooth functions”. In:
Math. Program. 103.1 (2005), pp. 127-152.

54 /54



	Location
	Contamination model
	M-estimators of location
	Asymptotic normality of M-estimators

	Scale/dispersion
	Dispersion model
	M-estimators of scale

	Simultaneous location and scale estimation
	Simultaneous location and dispersion model
	Simultaneous M-estimators

	Asymptotic / minimax result 
	Settings
	How the Huber loss was discovered


